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INTRODUCTION 
The f o c u s  o f  r e s e a r c h  a c t i v i t i e s  u n d e r  N A S A  G r a n t  NAG1-537 is t h e  
g e o m e t r i c a l l y  n o n l i n e a r  r e s p o n s e  and  f a i l u r e  o f  t h i n - w a l l e d  s t r u c t u r a l  
componen t s  made from advanced  c o m p o s i t e  m a t e r i a l s .  T h e  r e s e a r c h  i s  
a p p l i c a b l e  t o  p r i m a r y  s t r u c t u r a l  components  i n  f l i g h t  v e h i c l e  s t r u c t u r e s  
t h a t  a r e  l a m i n a t e d  f rom g r a p h i t e - e p o x y  u n i d i r e c t i o n a l  t a p e .  The t w o  
p r o j e c t s  under i n v e s t i g a t i o n  involve  t he  buck l ing ,  pos tbuck l ing ,  and f a i l u r e  
o f  s t r u c t u r e s  s u b j e c t  t o  a x i a l  compression. One p r o j e c t  is c o n c e r n e d  w i t h  
t h e  a n a l y s i s  o f  d e l a m i n a t i o n  du r ing  c r i p p l i n g  o f  open s e c t i o n  s t i f f e n e r s ,  
a n d  t h e  o t h e r  i s  c o n c e r n e d  w i t h  t h e  i n f l u e n c e  o f  d r o p p e d  p l i e s  on t h e  
response  and f a i l u r e  o f  lamina ted  p l a t e s .  Both expe r imen ta l  and t h e o r e t i c a l  
methods are used t o  s t u d y  t h e  f u n d a m e n t a l  mechanisms l i m i t i n g  t h e  l o a d -  
c a r r y i n g  c a p a c i t y  o f  t hese  components .  The expe r imen ta l  a c t i v i t i e s  have 
been accomplished i n  coope ra t ion  w i t h  t h e  S t r u c t u r a l  Mechanics Branch of  t he  
NASA Langley Research Center  us ing  t h e i r  faci l i t ies .  
INTERLAMINAR STRESS POST-PROCESSOR 
The purpose o f  t he  i n t e r l a m i n a r  stress pos t -processor  development is t o  
e v a l u a t e  t he  de laminat ion  f a i l u r e  mode o f  t he  c r i p p l i n g  specimens i n  Ref. 1 .  
The s p e c i m e n s  t e s t e d  i n  Ref. 1 were t h i n - w a l l e d  open  s e c t i o n  st iffeners 
s u b j e c t  t o  a x i a l  c o m p r e s s i o n ,  and  t h e  a n a l y s i s  o f  t h e i r  g e o m e t r i c a l l y  
n o n l i n e a r  r e sponse  was done us ing  t h e  STAGS ( S T r u c t u r a l  Ana lys i s  o f  Genera l  
- S h e l l s )  c o m p u t e r  c o d e .  The STAGS c o d e  w a s u s e d  t o  e v a l u a t e  i n - p l a n e  
s t resses  and  i n t r a l a m i n a  modes o f  f a i l u r e  i n i t i a t i o n ,  b u t  i n t e r l a m i n a r  
stress response  and t h e  p r e d i c t i o n  of  de l amina t ion  was outs ide  i ts  C u r r e n t  
c a p a b i l i t y .  
The STAGS code d i d  n o t  have  t h e  c a p a b i l i t y  t o  p r e d i c t  i n t e r l a m i n a r  
stresses b e c a u s e  i t  is based on v i r t u a l  work and assumed d i sp lacemen t s  f o r  
t h i n  she l l  e lements ;  i . e . ,  s t r u c t u r a l  c o n f i g u r a t i o n s  f o r  which p l a n e  stress 
a p p r o x i m a t i o n s  a r e  a p p r o p r i a t e .  A conven t iona l  eng inee r ing  p r a c t i c e  is t o  
estimate t h e  o u t - o f - p l a n e  stress components  from t h e  t h r e e - d i m e n s i o n a l  
e l a s t i c i t y  e q u a t i o n s  of e q u i l i b r i u m ,  us ing  t h e  l i n e a r  d i s t r i b u t i o n  through 
t h e  t h i c k n e s s  of the  in-p lane  stress components. T h i s  p r o c e d u r e ,  however ,  
r e q u i r e s  d i s p l a c e m e n t  d e r i v a t i v e s  o f  o r d e r  2 p ,  where p d e s i g n a t e s  t h e  
order of t h e  h ighes t  displacement  d e r i v a t i v e s  i n  t h e  i n t e r n a l  v i r t u a l  work 
e x p r e s s i o n  (or s t r a i n  energy d e n s i t y  increment ) .  D e r i v a t i v e s  of order 2p Of 
t h e  i n t e r p o l a t i o n  f u n c t i o n s  f o r  t h e  d i s p l a c e m e n t s  w i t h i n  a n  e l e m e n t  a r e  
meaningless .  Consequently,  the  methodology o f  t he  i n t e r l a m i n a r  stress pos t -  
processor development is t o  c o n s t r u c t  h i g h e r  order i n t e r p o l a t i o n s  of t h e  
d i s p l a c e m e n t  f i e l d  o v e r  a n  a s s e m b l y  o f  e l e m e n t s ,  and t h e n  take order 2p 
d e r i v a t i v e s  of  i t .  
Two i n t e r p o l a t i o n  t echn iques  f o r  approximating a d isp lacement  f u n c t i o n  
from discrete data have been attempted. The first t e c h n i q u e  c o n s t r u c t e d  a 
t r u n c a t e d  F o u r i e r  S e r i e s  r e p r e s e n t a t i o n ,  a n d  t h e  s e c o n d  t e c h n i q u e  
c o n s t r u c t e d  a Chebyshev p o l y n o m i a l  r e p r e s e n t a t i o n .  The merits of these  
t e c h n i q u e s  were j u d g e d  by s a m p l i n g  a known a n a l y t i c  f u n c t i o n  a t  discrete 
p o i n t s  i n  i ts domain, and computing the  e r r o r s  between t h e  i n t e r p o l a t i o n  O f  
the  f u n c t i o n  and its f irst  f o u r  d e r i v a t i v e s  and t h e  known e x a c t  Values.  
1 
The a n a l y t i c  f u n c t i o n  used f o r  t h e  compar i son  i s  a n  a p p r o x i m a t i o n  t o  
t he  buckl ing  mode of a u n i a x i a l l y  compressed, o r t h o t r o p i c ,  r e c t a n g u l a r  p l a t e  
whose loaded  edges are clamped, one unloaded edge is clamped, and t h e  o t h e r  
u n l o a d e d  edge i s  f r e e .  The buckl ing  mode is t h e  out -of -p lane  displacement  
w(x,y)  o f  the  p l a t e ,  i n  which t h e  x-axis  is a long  the l e n g t h  o f  t h e  p l a t e  i n  
t h e  d i r e c t i o n  of the a p p l i e d  load ,  and t h e  y-axis  is a c r o s s  t h e  wid th  of  t h e  
p l a t e .  The l e n g t h  of  t he  p l a t e  i n  t h i s  example is two-and-a-half times i t s  
w i d t h .  To make the  buckl ing  mode of  d e f i n i t e  v a l u e ,  i t  was normalized such 
t h a t  t he  maximum out-of-plane d isp lacement  a t  t h e  m i d d l e  o f  t h e  f r ee  edge 
was e q u a l  t o  t h e  t h i c k n e s s  o f  t h e  p l a t e .  T h i s  p a r t i c u l a r  d i sp lacement  
f u n c t i o n  was selected because it is similar t o  t h e  d isp lacement  r e s p o n s e  o f  
a s t i f f e n e r ' s  f l a n g e  dur ing  l o c a l  buckl ing .  The e x a c t  f u n c t i o n  and de ta i l s  
of  t h e  c o n s t r u c t i o n  of  t h e  Four i e r  Series are g iven  i n  Ref. 2.  (Reference 2 
is a l s o  i n  t h e  appendix of t h i s  r e p o r t . )  
F o u r i e r  Series Represen ta t ion  
T h e  norms o f  t h e  F o u r i e r  Series approximation t o  t he  d isp lacement  and 
its first f o u r  d e r i v a t i v e s  us ing  a 21 x 1 1  r e c t a n g u l a r  g r i d  o f  sample p o i n t s  
a r e  g i v e n  i n  t h e  t h i r d  column o f  T a b l e  1 .  T h i s  g r i d  c o n s i s t s  o f  twenty-one 
e q u a l l y  spaced l o c a t i o n s  a long  the  l e n g t h  o f  t h e  p l a t e ,  a n d  e l e v e n  e q u a l l y  
s p a c e d  l o c a t i o n s  across t h e  width.  The norm of a q u a n t i t y  is d e f i n e d  t o  b e  
t he  s q u a r e  r o o t  of t h e  sum of  t he  s q u a r e s  o f  t h a t  q u a n t i t y  o v e r  a l l  g r i d  
p o i n t s .  The norms of  t h e  e x a c t  f u n c t i o n  and its first f o u r  d e r i v a t i v e s  are 
shown i n  t h e  s e c o n d  column o f  T a b l e  1 ,  and  t h e  p e r c e n t  e r r o r  o f  t h e  
a p p r o x i m a t e  norm t o  t h e  e x a c t  is  g i v e n  i n  t h e  f o u r t h  column. Very l a r g e  
e r r o r s  i n  some of t h e  t h i r d  and four th  d e r i v a t i v e s  computed from t h e  F o u r i e r  
Ser ies  o c c u r .  T h i r d  and  f o u r t h  d e r i v a t i v e s  are r e q u i r e d  t o  c a l c u l a t e  the  
i n t e r l a m i n a r  shear  and  no rma l  s tresses r e s p e c t i v e l y .  A l t h o u g h  n o t  
p re sen ted  here, i n c r e a s i n g  the g r i d  t o  41 x 21 sample p o i n t s  d i d  n o t  improve 
t h e  computat ion o f  t h e  t h i r d  a n d  f o u r t h  d e r i v a t i v e s .  T h u s ,  t h e  F o u r i e r  
Se r i e s  method o f  comput ing  i n t e r l a m i n a r  shear and  n o r m a l  stresses from 
discrete  d isp lacement  data, as provided by a f i n i t e  e l e m e n t  compute r  code  
f o r  example, would be t o o  i n a c c u r a t e  f o r  eng inee r ing  purposes .  
The  r e a s o n  for t h e  inaccuracies i n  t h e  higher  d e r i v a t i v e  data computed  
f r o m  t h e  F o u r i e r  Series is due t o  Gibbs  phenomena; i .e.  a " r ing ing"  i n  t he  
t r u n c a t e d  Four i e r  Series r e p r e s e n t a t i o n  o f  the  f u n c t i o n  i n  t h e  v i c i n i t y  O f  
t h e  b o u n d a r i e s  o f  t h e  p l a t e .  S i n c e  t h e  b u c k l i n g  d i s p l a c e m e n t  and  i t s  
d e r i v a t i v e  normal t o  t h e  edge are z e r o  on the  three c lamped edges, and  a r e  
n o n - z e r o  on  t h e  f r e e  edge, t h e  p e r i o d i c  e x t e n s i o n  o f  t h i s  f u n c t i o n ,  or the  
p r o t r a c t e d  f u n c t i o n ,  e x h i b i t s  d i s c o n t i n u i t i e s .  C o n s e q u e n t l y ,  t h e  i n f i n i t e  
series convergence is non-uniform a t  the  p l a t e  boundar i e s ,  and t h e  t r u n c a t e d  
series e x h i b i t s  o s c i l l a t i o n s ,  o r  r i n g i n g ,  i n  t h e  v i c i n i t y  of the boundar ies .  
E f f o r t s  were made t o  reduce  the  Gibbs phenomena. A smooth p r o t r a c t e d  
f u n c t i o n  was c o n s t r u c t e d  from the  discrete d isp lacement  d a t a  by d e f i n i n g  a 
f u n c t i o n  from t h e  g r i d  p o i n t  data a long  the  free edge t h a t  i n t e r p o l a t e d  the  
d i s p l a c e m e n t  and  i t s  norma l  d e r i v a t i v e  t h e r e ,  a n d  a l s o  s a t i s f i e d  t h e  
v a n i s h i n g  of t h e  d i s p l a c e m e n t  a n d  n o r m a l  d e r i v a t i v e  a long  the  remaining 
three boundar i e s  (see Ref. 2 ) .  T h i s  f u n c t i o n  d e f i n e d  by t h e  free edge data  
was s u b t r a c t e d  f rom t h e  o r i g i n a l  d i s p l a c e m e n t  f i e l d  t o  d e f i n e  t he  smooth 
p r o t r a c t e d  func t ion ,  and then  a Four i e r  S e r i e s  was c o n s t r u c t e d  by s a m p l i n g  
t h e  s m o o t h  p r o t r a c t e d  f u n c t i o n  a t  t h e  g r i d  p o i n t s .  T h i s  a p p r o a c h  
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s u b s t a n t i a l l y  reduced the  C i b b s  phenomena i n  t h e  d isp lacement  and i t s  f i r s t  
two d e r i v a t i v e s ,  b u t  t h e  t h i r d  and f o u r t h  d e r i v a t i v e  data were st i l l  very  
o s c i l l a t o r y  n e a r  t h e  f r ee  edge. I n  a d d i t i o n ,  s m o o t h i n g  o f  t h e  h i g h e r  
d e r i v a t i v e  data was used t o  reduce  t h e  o s c i l l a t i o n  i n  t he  data,  b u t  t h i s  d i d  
n o t  s u b s t a n t i a l l y  reduce  t h e  errors.  The e r r o r s  r e p o r t e d  i n  T a b l e  1 a r e  
b a s e d  on  d e f i n i n g  a smoo th  p r o t r a c t e d  f u n c t i o n  a n d  smoothing the  h ighe r  
d e r i v a t i v e  data. 
Chebvshev Series ReDresenta t ion  
The norms of d isp lacement  and its f irst  f o u r  d e r i v a t i v e s  f o r  a 20 x 10 
r e c t a n g u l a r  g r i d  of Chebyshev p o i n t s  are g iven  i n  the  t h i r d  column of Table  
2. The twenty l o c a t i o n s  a long  t h e  l e n g t h  of t he  p l a t e  c o r r e s p o n d  t o  t h e  
ze ros  of t h e  t w e n t i e t h  Chebyshev  polynomial ,  and t h e  t e n  l o c a t i o n s  across 
the  width cor respond t o  the  z e r o s  o f  t he  t e n t h  Chebyshev  p o l y n o m i a l .  The 
s p a c i n g  of  g r i d  p o i n t s  is n o t  e q u a l  along the  l e n g t h  or width.  Thus, t h e  
g r i d  of sample  p o i n t s  i n  t h e  Chebyshev  r e p r e s e n t a t i o n  a r e  n o t  t h e  same 
s p a t i a l  l o c a t i o n s  a s  i n  t h e  F o u r i e r  Ser ies  r e p r e s e n t a t i o n ;  s o  the  e x a c t  
norms shown i n  t h e  second column o f  Table  2 do n o t  e q u a l  those i n  t h e  second 
co lumn o f  Tab le  1 .  The a b s o l u t e  v a l u e  of t h e  p e r c e n t a g e  errors between t h e  
approximate and exact norms wi th  r e s p e c t  t o  t h e  e x a c t  a r e  g i v e n  i n  column 
f o u r  o f  Table  2. The pe rcen tage  errors are remarkably small w i t h  r e s p e c t  t o  
those computed by the F o u r i e r  Series r e p r e s e n t a t i o n ,  wi th  t h e  maximum e r r o r  
b e i n g  0 .1% i n  t h e  norm of t h e  f o u r t h  d e r i v a t i v e  wi th  respect t o  y.  For 
t h i s  example t h e n ,  t h e  Chebyshev r e p r e s e n t a t i o n  g i v e s  s u p e r i o r  r e s u l t s .  
POSTBUCKLING OF DROPPED-PLY LAMINATES 
Laminated p a n e l s  c o n t a i n i n g  dropped p l i e s  ( t e r m i n a t e d  i n t e r n a l  p l i e s )  
a r e  common i n  a i r c r a f t  wing  c o n s t r u c t i o n  i n  which the  s k i n  s t i f f n e s s  is 
reduced  from r o o t  t o  t i p .  Dropped p l i e s  r e s u l t  i n  a t h i c k n e s s  d i s c o n t i n u i t y  
which  c a n  r educe  t h e  s t r e n g t h  of t h e  pane l .  Experiments  r e p o r t e d  i n  Ref. 3 
showed t h a t  a 12% - 50% r e d u c t i o n  i n  c o m p r e s s i o n  s t r e n g t h  c a n  o c c u r  f o r  
b u c k l i n g  s u s c e p t i b l e  specimens w i t h  r e s p e c t  t o  buck l ing  r e s i s t a n t  specimens 
having the  same dropped-ply l amina te  c o n s t r u c t i o n .  Thus ,  t h e  i n f l u e n c e  of 
t h e  d r o p p e d - p l y  t h i c k n e s s  d i s c o n t i n u i t y  on the pos tbuck l ing  response and 
f a i l u r e  is an  i m p o r t a n t  i s s u e ,  and  t h e  f o c u s  of t h i s  p r o j e c t  u n d e r  t h e  
c u r r e n t  g r a n t .  
K a n t r o v i c h ' s  method is b e i n g  u s e d  t o  c o m p u t e  t h e  g e o m e t r i c a l l y  
n o n l i n e a r  r e sponse  of l a m i n a t e s  c o n t a i n i n g  dropped p l i e s .  For a p l a t e  w i t h  
s imply suppor t ed  unloaded edges, t h e  d i sp lacemen t s  are expanded i n  a Four i e r  
S e r i e s  i n  t h e  w i d t h - w i s e  c o o r d i n a t e  y ,  which is t h e  c o o r d i n a t e  normal t o  
the unloaded edges.  The t r i g o n o m e t r i c  basis f u n c t i o n s  of the  F o u r i e r  Series 
s a t i s f y  t h e  k inemat i c  c o n d i t i o n s  along the s imply  suppor t ed  edge. Ordinary  
d i f f e r e n t i a l  e q u a t i o n s  i n  t h e  a x i a l  c o o r d i n a t e  x a r e  d e r i v e d  i n  
K a n t r o v i c h ' s  method f o r  t he  " c o e f f i c i e n t s t t ,  or g e n e r a l i z e d  c o o r d i n a t e s ,  of 
t h e  t r i g o n o m e t r i c  basis f u n c t i o n s  i n  t he  F o u r i e r  expans ion  v i a  t he  p r i n c i p l e  
Of  v i r t u a l  work .  I n  a d d i t i o n  t o  boundary c o n d i t i o n s  a t  the two loaded edges  
Of t h e  p l a t e ,  t r a n s i t i o n  c o n d i t i o n s  a t  t h e  d r o p p e d - p l y  l o c a t i o n  r e s u l t .  
(The  d r o p p e d - p l y  s i t e  is modelled as  a s t e p  change i n  t h e  t h i c k n e s s  of t h e  
p l a t e . )  Thus, t he  mathematical problem r e d u c e s  from a s o l u t i o n  of n o n l i n e a r  
p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  t o  t he  s o l u t i o n  of a set  n o n l i n e a r  o rd ina ry  
d i f f e r e n t i a l  e q u a t i o n s  w i t h  m u l t i p o i n t  boundary c o n d i t i o n s .  The number O f  
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o r d i n a r y  d i f f e r e n t i a l  equa t ions  depends on t h e  number of terms, denoted by 
N, r e t a i n e d  i n  t h e  Four i e r  expansion.  
The s t a b i l i t y  equa t ions  t o  compute t h e  buckl ing  load  f o r  t h e  laminated 
p l a t e  w i t h  a symmetric t h i c k n e s s  change, and s u b j e c t  t o  u n i a x i a l  i n - p l a n e  
c o m p r e s s i o n ,  a r e  a l i n e a r  s e t  o f  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s  w i t h  
m u l t i p o i n t  boundary c o n d i t i o n s  a s  o b t a i n e d  by K a n t r o v i c h ' s  method.  T h i s  
e i g e n v a l u e  problem was s o l v e d  f o r  t h i c k ,  s p e c i a l l y  o r t h o t r o p i c ,  dropped-ply 
p l a t e s  by f i n d i n g  complemen ta ry  f u n c t i o n s  s a t i s f y i n g  t h e  h o m o g e n e o u s  
d i f f e r e n t i a l  e q u a t i o n s ,  and t h e n  imposing t h e  boundary c o n d i t i o n s  t o  g e t  t h e  
character is t ic  e q u a t i o n  f o r  the  e igenvalues .  A s i x t h - o r d e r  t r a n s v e r s e  shear 
d e f o r m a t i o n  p l a t e  t h e o r y  was used.  The r e s u l t s  are documented i n  Ref. 4, 
and show t h a t  t r a n s v e r s e  s h e a r i n g  deformations can s i g n i f i c a n t l y  a f f e c t  t h e  
b u c k l i n g  l o a d  a n d  t h e  mode f o r  t h i c k  laminated p l a t e s  having a s t e p  change 
i n  t h i c k n e s s  r e l a t i v e  t o  a Kirchhoff  p l a t e  theory .  (Reference  4 is a l s o  i n  
t h e  appendix of t h i s  r e p o r t . )  
The major drawback t o  the  s o l u t i o n  methodology employed i n  Ref. 4 was 
t h e  c o m p u t a t i o n  o f  t h e  complementary f u n c t i o n s  , which would b e  d i f f i ' c u l t  t o  
do f o r  a l a r g e  number (N) of  terms r e t a i n e d  i n  t he  F o u r i e r  expansion.  Also,  
t h e  t r a n s c e n d e n t a l  terms i n  the characteristic e q u a t i o n  f o r  l a r g e r  va lues  o f  
N would lead  t o  n u m e r i c a l l y  i l l - c o n d i t i o n e d  c o m p u t a t i o n s  f o r  t h e  
e igenva lues .  
C u r r e n t l y  work is i n  p r o g r e s s  t o  s o l v e  t h e  pos tbuck l ing  problem f o r  t h e  
d r o p p e d - p l y  l a m i n a t e  u s i n g  t h e  knowledge  g a i n e d  i n  t h e  s o l u t i o n  t o  t h e  
buckl ing  problem. Newton's method w i l l  have t o  b e  used  t o  i t e r a t e  f o r  t h e  
s o l u t i o n  a t  each l o a d  s t e p  i n  t h e  p o s t b u c k l i n g  a n a l y s i s .  The l i n e a r  
o r d i n a r y  d i f f e r e n t i a l  o p e r a t o r s  t h a t  need t o  be s o l v e d  i n  each i t e r a t i o n  are 
very similar t o  t h e  d i f f e r e n t i a l  o p e r a t o r s  of t h e  buckl ing  problem. I n s t e a d  
o f  s eek ing  complementary f u n c t i o n s ,  and  t h e n  g e n e r a l  s o l u t i o n s ,  t o  t h e s e  
l i n e a r  e q u a t i o n s ,  we a r e  u s i n g  t h e  f i e l d  method (Ref. 5 )  t o  numer ica l ly  
o b t a i n  t h e  l i n e a r  s o l u t i o n s .  The f i e l d  method is a way t o  s o l v e  m u l t i p o i n t  
boundary  v a l u e  p r o b l e m s  f o r  l i n e a r ,  o rd ina ry  d i f f e r e n t i a l  equa t ions  us ing  
i n i t i a l  v a l u e  i n t e g r a t i o n  schemes ( l i k e  Runge-Kutta) . "Field r e l a t i o n s "  are 
u s e d  t o  s t a b i l i z e  t h e  n u m e r i c a l  i n t e g r a t i o n  a g a i n s t  e x p o n e n t i a l l y  growing 
homogeneous s o l u t i o n s .  S i n c e  t h i s  method is a p p l i e d  t o  t h e  g o v e r n i n g  
d i f f e r e n t i a l  e q u a t i o n s ,  d e r i v a t i v e s  t he  o rde r  o f  t he  d i f f e r e n t i a l  e q u a t i o n s  
a r e  computed  d i r e c t l y .  T h i s  p e r m i t s  t h e  c o m p u t a t i o n  of i n t e r l a m i n a r  
stresses from t h e  three-d imens iona l  e l a s t i c i ty  e q u a t i o n s  o f  e q u i l i b r i u m  once 
t h e  p l a t e  s o l u t i o n  is o b t a i n e d  by the f i e l d  method. Thus ,  i n  a d d i t i o n  t o  
c o m p u t i n g  t h e  p o s t b u c k l i n g  r e sponse ,  the  de laminat ion  f a i l u r e  modes of the  
dropped p l y  specimens i n  Ref. 3 can a l s o  be s t u d i e d .  
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Table  1 Norms of t h e  d isp lacement  and its first four  der ivat ives  
by t h e  Fourier r e p r e s e n t a t i o n  on a 21 x 11 g r i d .  
Norms Per cent 















































Table 2 Norms of t h e  d isp lacement  and its first f o u r  d e r i v a t i v e s  
by the Chebyshev r e p r e s e n t a t i o n  on a 20 x 10 g r i d .  
Norms Percen t  
D e r i v a t i v e  Exact A D D r O X .  Error 
W 
w, x 
W ,  Y 
w,xx 
W ,  XY 
w ,  YY 
w, xxx 
W ,  XXY 
w ,  XYY 
w,  YYY 
w, xxxx 
w,  xxxy 
w,  XXYY 
w, XYYY 
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A- 1 
Order 2p D e r i v a t i v e s  from p - D i f f e r e n t i a b l e  F i n i t e  
Element S o l u t i o n s  by a S p e c t r a l  Method 
Eric R. Johnson and David L. Bonanni 
Aerospace and  Ocean Engineer ing  Department 
V i r g i n i a  Po ly techn ic  I n s t i t u t e  and S ta te  U n i v e r s i t y  
Blacksburg,  V i r g i n i a  24061 -0203 
Summarv 
The d i s p l a c e m e n t s  a n d  t h e i r  f i rs t  p-1 d e r i v a t i v e s  are con t inuous  across 
e l e m e n t  b o u n d a r i e s  f o r  c o n f o r m i n g  e l e m e n t s  i n  t h e  f i n i t e  e l e m e n t  
r e p r e s e n t a t i o n  of a CP-l  v a r i a t i o n a l  p rob lem.  T h a t  is, a v a r i a t i o n a l  
p r o b l e m  i n  which t h e  h i g h e s t  d e r i v a t i v e  of t h e  s t a t e  v a r i a b l e  i n  t h e  
f u n c t i o n a l  is order p. For p l a t e  bending problems based on Kirchhoff theo ry ,  
the state v a r i a b l e  is the  out-of-plane d i s p l a c e m e n t  a n d  p = 2. T h i s  p a p e r  
d i s c u s s e s  t h e  p r o b l e m  of computing d e r i v a t i v e s  of order 2p  for a lamina ted  
c o m p o s i t e  p l a t e  from t h e  a s s e m b l y  of  e l e m e n t s  i n  w h i c h  t h e  e l e m e n t  
d i s p l a c e m e n t s  h a v e  p - d i f f e r e n t i a b l i t y  w i t h i n  t h e  e l e m e n t .  Order  2 p  
d e r i v a t i v e s  of t h e  o u t - o f - p l a n e  d i s p l a c e m e n t  a r e  n e c e s s a r y  t o  compute  
i n t e r l a m i n a r  stresses. 
I n t r o d u c t i o n  
D e l a m i n a t i o n  is  a common f a i l u r e  mode i n  l a m i n a t e d  c o m p o s i t e  
s t r u c t u r e s .  However, most f i n i t e  e lement  a n a l y s e s  f o r  b u i l t - u p  s t r u c t u r a l  
componen t s  a r e  based on  Ki rchhof f  t h e o r y  which as sumes  a s ta te  of p l ane  
stress and hence n e g l e c t s  i n t e r l a m i n a r  stresses. The e n g i n e e r i n g  approach t o  
compute  t h e  i n t e r l a m i n a r  stresses from the Kirchhoff theory  is t o  i n t e g r a t e  
the three-dimensional  e q u i l i b r i u m  e q u a t i o n s  f o r  t h e  o u t - o f - p l a n e  stress 
componen t s  u s ing  the  l i n e a r  d i s t r i b u t i o n  i n  the  t h i c k n e s s  c o o r d i n a t e  of t h e  
in-plane stress components from t h e  Kirchhoff t h e o r y  [ l ] .  T h i s  is d i f f i c u l t  
t o  implemen t  i n  f i n i t e  e lement  s o l u t i o n s  because such  a proceedure  i m p l i e s  
t h a t  f o u r t h  order d e r i v a t i v e s  of t he  out-of-plane d i sp lacemen t  are r e q u i r e d  
when t h e  f i n i t e  e l e m e n t  f o r m u l a t i o n  o n l y  r e q u i r e s  c o n t i n u i t y  of t h e  
d isp lacement  and its first d e r i v a t i v e s  between e lements .  Thus t a k i n g  f o u r t h  
order d e r i v a t i v e s  of the  f i n i t e  e lement  r e p r e s e n t a t i o n  of the  d i sp lacemen t s  
w i t h i n  a n  element  is meaningless .  The method p r e s e n t e d  i n  t h i s  p a p e r  u s e s  
t h e  Discrete F o u r i e r  Transform of the f i n i t e  e lement  d i sp l acemen t  data ove r  
the  whole domain of t h e  p l a t e  t o  de te rmine  a f i n i t e  number of F o u r i e r  Series 
- ' c o e f f i c i e n t s  f o r  t h e  d i s p l a c e m e n t .  The t r u n c a t e d  F o u r i e r  Ser ies  is 
d i f f e r e n t i a t e d  t o  o b t a i n  t h e  h i g h e r  order d e r i v a t i v e s .  T h i s  a p p r o a c h  t o  
A-2 
compute d e r i v a t i v e s  from discrete  da ta  was used by T i e l k i n g  and Schapery [ 21  
i n  a she l l  c o n t a c t  problem. 
S p e c t r a l  Method 
The s p e c t r a l  method is used i n  t h i s  paper  as a n  e f f i c i e n t  computa t iona l  
t o o l  t o  d e t e r m i n e  F o u r i e r  Ser ies  c o e f f i c i e n t s  from discrete d isp lacement  
data. The method is reviewed i n  t h e  c o n t e x t  o f  r e p r e s e n t i n g  t h e  out-of-plane 
d i s p l a c e m e n t  of a p l a t e .  Des igna te  t h i s  d isp lacement  as  f ( x , y ) ,  0 6 x 4 a ,  
and 0 5 y 4 b, where a and  b d e n o t e  t he  l e n g t h  and width , r e s p e c t i v e l y ,  of 
a r e c t a n g u l a r  p l a t e .  I t  is  as sumed  t h e  p l a t e  is model led i n  the f i n i t e  
element a n a l y s i s  such  t h a t  t he re  a re  M e q u a l l y  s p a c e d  i n t e r v a l s  b e t w e e n  
n o d e s  i n  t h e  x - d i r e c t i o n ,  and  N e q u a l l y  spaced i n t e r v a l s  between nodes i n  
t h e  y - d i r e c t i o n ,  where M a n d  N are  e v e n  i n t e g e r s .  The  e x t e n s i o n  of t h e  
f u n c t i o n  f ( x , y )  o u t s i d e  t he  domain of t h e  p l a t e ,  or the p r o t r a c t e d  f u n c t i o n ,  
is d e f i n e d  by p e r i o d i c i t y  i n  x w i t h  p e r i o d  a ,  and  p e r i o d i c i t y  i n  y w i t h  
p e r i o d  b.  The  p r o t r a c t e d  f u n c t i o n  and  its first d e r i v a t i v e s  are assumed t o  
be con t inuous ;  i.e., f ( x , y )  has C c o n t i n u i t y .  
I 
The complex Fourier Series r e p r e s e n t a t i o n  of f ( x , y )  is 
m m - 
f ( x , y )  = 1 1 c(m,n)  exp[2ri(mx/a + ny /b ) ] ,  i = 4-1. ( 1  1 
m=-m n=-m 
E v a l u a t i n g  f ( x , y )  i n  eqn.  ( 1 )  a t  the  nodes  ( x  j ,  yk )  = (ja/M, kb/N) ,  where j 
= 0 , 1 , 2 , .  . . ,M-1 , and k = 0,1,2,. . . ,N-1 , w e  o b t a i n  
m m 
i n  which f ( j , k )  = f ( x j ,  y k ) ,  and WM = exp(2ni/M) and WN = exp(2ni /N) are the  
w e i g h t i n g  k e r n e l s .  The doubly  i n f i n i t e  sum i n  eqn. ( 2 )  may be r e s t r u c t u r e d  
i n  t h e  form 
M-1 N-1 
m=O n=O 
f ( j , k )  = 1 1 cp(m,n) Wf 
where 
( 3 )  
Eqn. ( 3 )  d e f i n e s  the I n v e r s e  Discrete F o u r i e r  Transform,  and  shows t h a t  t h e  
s e q u e n c e s  f ( j , k )  a n d  c (m,n )  a re  Discrete F o u r i e r  Transform (DFT) p a i r s .  
P 
k-3 
T h u s ,  t h e  sequence 
by t h e  formula 
~ 
~ ~ ~ 
c (m,n)  is determined from t h e  DFT o f  t h e  sequence f ( j , k )  
P 
The Fas t  F o u r i e r  Transform a lgo r i thm can be used t o  compute t h e  DFT of t h e  
sequence f ( j , k )  i n  eqn. (5 ) .  
For l a r g e  v a l u e s  of M and N i n  eqn .  ( 4 1 ,  t h e  terms c (m,n) are good 
approximat ions  t o  the  F o u r i e r  Ser ies  c o e f f i c i e n t s .  The d o m i n a t e  F o u r i e r  
c o e f f i c i e n t s  i n  t he  i n f i n i t e  sums on the  r igh t -hand-s ide  o f  eqn. ( 4 )  occu r  
for v a l u e s  of  r and s e q u a l  t o  either -1 o r  0. Thus 
P 
c(m,n) = c [ m + M * H ( - m ) ,  n+N-H(-n)], 1. < M/2 and In1 < N/2 (6) 
i n  which H( ) = 1 if the  argument is > 0, and H(  ) = 0 i f  t h e  a rgumen t  is 5 
0. If m = f M / 2  o r  n = f N/2, t h e n  eqn .  ( 6 )  is v a l i d  i f  c is d i v i d e d  by 
two. If b o t h  m = f M / 2  a n d  n = f N / 2 ,  t h e n  e q n .  ( 6 )  is v a l i d  i f  c is  
d i v i d e d  by fou r .  With the Four i e r  c o e f f i c i e n t s  approximated by eqn. (61, the 






f ( x , y )  = 1 c(m,n) exp[2ni(mx/a + n y l b ) ]  (7) 
O r t h o t r o p i c  Plate Example 
A l t h o u g h  t h e  o b j e c t i v e  is t o  u s e  t h e  s p e c t r a l  method t o  compute  
d e r i v a t i v e s  o f  f i n i t e  e l e m e n t  da t a ,  t h e  me thodo logy  is t e s t ed  here by  
s a m p l i n g  .an a n a l y t i c  f u n c t i o n ,  comput ing  its d e r i v a t i v e s  by the  s p e c t r a l  
method, and comparing d e r i v a t i v e s  computed by t h e  s p e c t r a l  method t o  e x a c t  
v a l u e s .  The a n a l y t i c  f u n c t i o n  c h o s e n  f o r  t h i s  p u r p o s e  is a n  approximate 
buck l ing  mode f o r  a r e c t a n g u l a r  p l a t e  s u b j e c t  t o  uni form compress ion  a t  x = 
0 a n d  x = a. The p l a t e  is clamped a long  edges  x - 0, x = a, and y = 0, and 
is free a l o n g  the  edge y = b. It is l amina ted  from AS4/3502 g r a p h i t e - e p o x y  
t a p e  w i t h  material p r o p e r t i e s  Ea  - 18.5 m s i ,  E, = 1.64 m i ,  v a 2  = 0.30, and 
G,, = 0.87 m s i .  The l a m i n a t e  c o n s i s t s  of s i x t e e n  p l i e s  w i t h  a s t a c k i n g  
s e q u e n c e  [ f45/0/90]2s. The p l a t e ' s  dimensions are a = 2.5 in .  , b = 1.0 in .  , 
and t h e  t h i c k n e s s  is 0.080 in .  The approximate a n a l y s i s  n e g l e c t s  t h e  t w i s t  
c u r v a t u r e - b e n d i n g  moment c o u p l i n g  of a n i s o t r o p i c  p l a t e  t h e o r y ,  and u s e s  
Kan t rov ich ' s  method i n  T r e f f t z ' s  c r i t e r i o n  t o  de t e rmine  t h e  b u c k l i n g  mode. 
A-4 
The b u c k l i n g  mode i s  n o r m a l i z e d  such  t h a t  t h e  maximum disp lacement  a t  x = 
a/2 and y = b is e q u a l  t o  t h e  t h i c k n e s s  o f  the  p l a t e .  The resul t  is 
w(x,y) = [ l  - c o s ( 2 a x / a ) ]  [K,exp(ay/b) + K,exp(ay/b) + K3sin(By/b) 
+ K,cos(By/b) 1 (8) 
i n . ,  K 3  = 2.4399 x 10’ in . ,  
4 -2 -2  
where K a  = 5.6196 x 10- i n . ,  K 2  = 1.4571 x 10 
- 2  
K, = -1.5133 x 10 i n . ,  a = 3.0919, and  B = 1.7753- 
The p r o t r a c t e d  f u n c t i o n  o b t a i n e d  from w(x,y) i n  eqn. (81, and its first 
p a r t i a l  d e r i v a t i v e  i n  y ( d e n o t e d  w ,  1, a re  d i s c o n t i n u o u s  a t  i n t e g e r  
m u l t i p l e s  of y = b. The t r u n c a t e d  F o u r i e r  Series r e p r e s e n t a t i o n  of w(x,y) 
would e x h i b i t  G i b b s  phenomena n e a r  y = b ,  b e c a u s e  o f  t h e  n o n u n i f o r m  
convergence a t  the d i s c o n t i n u i t y .  To avo id  the Gibbs phenomena, a polynomial  
f u n c t i o n  w ( x , y )  is d e f i n e d  such t h a t  the  d i f f e r e n c e  f u n c t i o n  
Y 
P 
f ( x , y )  = u ( x , y )  - W P ( X , Y )  (9) 
1 
has t h e  C c o n t i n u i t y  p r o p e r t i e s  d i s c u s s e d  p r e v i o u s l y .  The p o l y n o m i a l  is 
s e l ec t ed  t o  match t h e  e s s e n t i a l  b o u n d a r y  c o n d i t i o n s ,  i . e . ,  w a n d  i ts  
d e r i v a t i v e  normal t o  the  edge,  a t  the nodal  p o i n t s  a long  t h e  edge. F o r  t h i s  
example, t he  polynomia l  selected is 
i n  which f ( x )  and g ( x )  are Mth order i n t e r p o l a t i o n  polynomials .  Polynomials  
f ( x )  and g ( x )  are d e f i n e d  by the M+1 noda l  v a l u e s  of w(x b )  and w ,  ( x  ,b), j’ Y j  
r e s p e c t i v e l y ,  where x = ja/M, j = O,l, ..., M. 
j - 
Denoting the a p p r o x i m a t i o n  t o  t h e  f u n c t i o n  w ( x , y )  a s  w ( x , y > ,  t h e n  
w ( x , y )  is t h e  sum of w ( x , y )  a n d  t h e  approx ima t ion  of f ( x , y )  as  g iven  by 
) a n d  w ( x  , y k ) ,  a n d  t h e i r  f i r s t  f o u r  eqn .  (7). The norms  of w(x  
d e r i v a t i v e s ,  are compared  i n  T a b l e  1 for M = 20 and N = 10. The norm of a 
discrete f u n c t i o n  is d e f i n e d  as the  s q u a r e  root of the sum of the s q u a r e s  of 
t h e  discrete f u n c t i o n  v a l u e s  over  a l l  n o d a l  p o i n t s .  The approximate f u n c t i o n  
norms i n  Tab le  1 are d e t e r m i n e d  from smoothed d a t a  v a l u e s ;  i .e . ,  fo r  a n  
i n t e r i o r  n o d e ,  t h e  v a l u e  of t h e  f u n c t i o n  a t  that  p o i n t  is r e p l a c e d  by the  
ave rage  v a l u e  of the  f u n c t i o n  a t  the node p l u s  t h e  f u n c t i o n  v a l u e s  a t  t h e  
, e i g h t  a d j a c e n t  n o d e s .  The smoothed data g i v e s  s l i g h t l y  better r e s u l t s  t han  
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errors i n c r e a s e  as  t h e  number of  d i f f e r e n t i a t i o n s  i n  x i n c r e a s e  w i t h  r e s p e c t  
t o  t hose  i n  y.  Also,  e r r o r s  i n c r e a s e  w i t h  i n c r e a s i n g  o r d e r  o f  t h e  
d e r i v a t i v e .  It  is l i k e l y  t h a t  t h e  h i g h  order i n t e r p o l a t i o n  polynomials  f ( x )  
and g ( x )  cause  s e v e r e  o s c i l l a t i o n s  i n  t h e  h i g h e r  o rder  d e r i v a t i v e  da t a ,  
e s p e c i a l l y  f o r  d e r i v a t i v e s  i n  x. A l e a s t  s q u a r e s  f i t  of lower order  
polynomials  for f ( x )  and g ( x >  may decrease t h i s  o s c i l l a t i o n  i n  h i g h e r  o rder  
d e r i v a t i v e s  w i t h  r e s p e c t  t o  x.  However,  c o n t i n u i t y  of t h e  p r o t r a c t e d  
f u n c t i o n  a t  t h e  n o d e  p o i n t s  a l o n g  y = b is s a c r i f i c e d  i f  lower  o r d e r  
p o l y n o m i a l s  f o r  f ( x )  a n d  g ( x )  a r e  u s e d .  The l o s s  of c o n t i n u i t y  leads t o  
G i b b s  phenomena, which  can a lso r e s u l t  i n  s e v e r e  o s c i l l a t i o n s .  
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COMPRESSION BUCKLING OF THICK ORTHOTROPIC PLATES 
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The buckl ing a n a l y s i s  of laminated p l a t e s  
w i t h  a s t e p  t h i c k n e s s  change  is important i n  
the design of a i r c ra f t  wing s k i n s .  S t i f f n e s s  
t a i l o r i n g  of wing s k i n s  made from fi lamentary 
composites can be accomplished by t e r m i n a t i n g  
i n t e r n a l  p l i e s  along t h e  span from r o o t  t o  t i p .  
The terminated p l i e s ,  or dropped p l i e s ,  r e s u l t  
i n  a n  a b r u p t  t h i c k n e s s  c h a n g e .  B u c k l i n g  
a n a l y s e s  us ing  classical t h e o r y  are p r e s e n t e d  
by DiNardo a n d  Lagace C11 f o r  graphite/epoxy 
p l a t e s  w i t h  d r o p p e d  p l i e s ,  and  by M i k a m i ,  e t  
a l .  C21 f o r  o r t h o t r o p i c  p l a t e s  w i t h  a s t e p  
t h i c k n e s s  change .  Both of these p a p e r s  show 
t h a t  t h e  b u c k l i n g  load of a p l a t e  with a s t e p  
change i n  t h i c k n e s s  is bounded from below by 
t h e  b u c k l i n g  l o a d  of a uniform p l a t e  w i t h  the 
t h i c k n e s s  of the  t h i n  s e c t i o n ,  and bounded from 
above  by a uniform p l a t e  with the  thickness  of 
the  th ick  s e c t i o n .  
The p u r p o s e  of t h i s  paper is t o  show the  
inf luence  of t r a n s v e r s e  s h e a r i n g  deformat i o n s  
on the  buckl ing of t h i c k ,  s p e c i a l l y  or thot ropic  
l a m i n a t e d  p l a t e s  w i t h  a s t e p  c h a n g e  i n  
th ickness .  The example problem and nomenclature 
are shown i n  F i g .  1 .  A r e c t a n g u l a r  p l a t e  
subjec ted  to u n i a x i a l  compression with the s t e p  
perpendicular  t o  the  load a x i s ,  spanning  t h e  
w i d t h  of t h e  p l a t e ,  and  symmetr ic  a b o u t  t h e  
midd le  p l a n e  of t h e  p l a t e  is shown i n  . t h e  
f i g u r e .  Buckling coeff i c e n t s  are presented f o r  
a simply supported s q u a r e  p l a t e  (a - b )  w i t h  a 
c e n t r a l l y  located s t e p  (a, - a, - a /2)  as t h e  
t h i c k n e s s  t, of one half is decreased r e l a t i v e  
t o  t h e  t h i c k n e s s  t, of t h e  other ha l f  f o r  a 
p l a t e  of c o n s t a n t  weight. For a square plate of 
c o n s t a n t  weight  wi th  a c e n t r a l l y  located s t e p ,  
t h e  sum of t h e  t h i c k n e s s e s  of t h e  t h i n  a n d  
t h i c k  s e c t i o n s  is c o n s t a n t ,  and equal  to  twice 
the  average t h i c k n e s s  of t h e  p l a t e .  The average 
t h i c k n e s s  is denoted by t, and we consider  two 
thickness-to-width ratios t / b  - 0.1 and t / b  - 
0.2. 
Laminate s t i f f n e s s e s  are computed for  a 
three l a y e r  [0/90/OlT s t a c k i n g  sequence where 
the  zero-degree f i b e r  d i r e c t i o n  is a l o n g  t h e  
load a x i s ,  a n d  each l a y e r  is i d e n t i c a l .  The 
l a y e r  elastic p r o p e r t i e s  are EL/ET - 30, G - 0 . 6 .  G /E -'- 0.5.  vLT - vTT - 0.25. where L 
and T denote  d i r e c t i o n s  p a r a l l e l  and t ransverse  
t o  the f ibers  and  vLT is t h e  major Poisson's 
ratto: T h i s  c ross -p ly  laminate  is t h e  same one 
c o n s i d e r e d  i n  References [3] and C41, i n  which 
the effect of t r a n s v e r s e  s h e a r i n g  deformat ions  
o n  t h e  c o m p r e s s i o n  b u c k l i n g  of u n i f o r m  
t h i c k n e s s  p l a t e s  were c o n s i d e r e d .  T h e  
L T / ~ T  
TT T 
t r a n s v e r s e  shear s t i f f n e s s e s  A,,., and A,, are 
computed u n d e r  t h e  a s s u m p t i o n s  of a u n i f o r m  
d i s t r i b u t i o n  of t h e  t r a n s v e r s e  shear s t r a i n s  
t h r o u g h  t h e  t h i c k n e s s ,  a n d  a p a r a b o l i c  
d i s t r i b u t i o n  o,f t h e  c o r r e s p o n d i n g  shear  
stresses; see Eqn. (2.61) i n  Reference C53. 
V a l u e s  of t h e  d i m e n s i o n l e s s  b u c k l i n g  
c o e f f i c i e n t  K as a f u n c t i o n  of t l / t 2  f o r  
c l a s s i c a l  laminated p l a t e  theory  (CLT), and for 
shear deformation theory  (SDT) w i t h  t / b  - 0.1 
and t / b  - 0.2 are shown i n  Fig. 2. The buckling 
Coeff ic ien t  is def ined  by 
K - Nxcrb /(ET t - 2  I 
where zxcr d e n o t e s  t h e  c r i t i c a l  v a l u e  of 
u n i f o r m  c o m p r e s s i v e  load i n t e n s i t y  ?j,. The 
buckling c o e f f i c i e n t  f o r  CLT is independent  of 
t h e  t h i c k n e s s  ra t io  t / b  C31.. I t  is clear from 
t h e  f i g u r e  t h a t  t r a n s v e r s e  s h e a r i n g  
d e f o r m a t i o n s  h a v e  a s i g n i f i c a n t  effect on the 
buckling coeff i c i e n t  for t h e s e  t h i c k  p l a t e s .  
H o w e v e r .  t h e  d i f f e r e n c e s  b e t w e e n  K f o r  
CLT a n d  SDT decrease a s  t h e  r a t i o  t l / t 2  
decreases from u n i t y .  
P lo ts  of t h e  o u t - o f - p l a n e  d i s p l a c e m e n t  
component of  t h e  buckl ing  mode for -0.5 5 x/a 
l h e  b u c k l i n g  mode was normalized such t h a t  t he  
maximum d i s p l a c e m e n t  is u n i t y .  I n  F i g .  3 t h e  
mode s h a p e s  are shown f o r  SDT with t / b  - 0.2 
and for  v a r i o u s  ra t ios  of t l / t2 .  F o r  sma l l  
v a l u e s  of  t l / t ,  a d i s c o n t i n u o u s  s l o p e  in t he  
d i s p l a c e m e n t  occurs a t  t h e  s t e p .  a n d  t h e  
majority of t h e  s t r a i n  energy due to  buckling 
is stored i n  t h e  t h i n  s e c t i o n  rather t h a n  t h e  
t h i c k  s e c t i o n .  The buckl ing  modes for CLT and 
SDT w i t h  t / b  - 0.1 a n d  0.2 are  shown f o r  
compar ison  i n  Fig. 4 w i t h  t , / t2  - 0.75. The 
s l o p e  is cont inuous  a t  t h e  s t e p  for  CLT and for 
SDT w i t h  t / b  - 0.1. For SDT w i t h  t / b  - 0.2, 
h o w e v e r ,  t h e  s l o p e  a t  t h e  s t e p  is 
d i s c o n t i n u o u s .  Thus ,  t h e  b u c k l i n g  modes can 
be s i g n i f i c a n t l y  d i f f e r e n t  for  SDT wi th  r e s p e c t  
t o  CLT. 
S 0.5 a t  y - b / 2  are shown i n  F i g s .  3 and 4. _. 
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Fig. 2 Dimensionless buckling coefficient as a 
function of t,/tz for CLT, SDT with t/b = 0 . 1 ,  
and SDT with t/b = 0.2 
Fig. 3 Buckling modes for SDT with t;/b - Q . 2  
and.various ratios of tl/t2; y - b/2. 
c 
' Fig. . - 1 :  In-plane compression of a rectangular 
plate with a symmetric step change in thickness 
Fig.4 Buckling modes with tl/tp - 0.75 for CLT, 
SDT with t/b - 0.1, and SDT with t/b - 0 . 2 ;  y - 
b/2. 
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